We extend our method of partner symmetries to the hyperbolic complex Monge-Ampère equation and the second heavenly equation of Plebañski. We show the existence of partner symmetries and derive the relations between them. For certain simple choices of partner symmetries the resulting differential constraints together with the original heavenly equations are transformed to systems of linear equations by an appropriate Legendre transformation. The solutions of these linear equations are generically non-invariant. As a consequence we obtain explicitly new classes of heavenly metrics without Killing vectors.
Introduction
After advances in Twistor Theory it became natural to consider Ricci-flat metrics on 4-dimensional complex manifolds. In his pioneering paper [1] Plebañski introduced his first and second heavenly equations for a single potential governing such metrics. From solutions of these equations we obtain the corresponding heavenly metrics which give solutions of the complex vacuum Einstein equations possessing the property of (anti-)self-duality. The problem here is to reduce these solutions to 4-dimensional real metrics with Lorentzian signature. There are two important real cross sections of the complex metrics governed by the first heavenly equation, namely Kähler metrics with Euclidean or ultra-hyperbolic signature. The first heavenly equation in these cases coincides with the elliptic and hyperbolic complex Monge-Ampère equation (CMA) respectively which have applications to important problems in physics and geometry. In particular, for the elliptic case of CMA some solutions can be interpreted as gravitational instantons. The most important gravitational instanton is the Kummer surface K3 [2] . The explicit construction of K3 metric is a challenging problem. One of the basic difficulties is that the metric should have no Killing vectors and hence the corresponding solution of CMA should have no symmetries, i.e. be a non-invariant solution.
This was our motivation to study the problem of constructing non-invariant solutions of complex Monge-Ampère equations. In the elliptic case we have recently developed the method of partner symmetries appropriate for this problem and obtained certain classes of non-invariant solutions of CMA and corresponding heavenly metrics with no Killing vectors [3, 4] . The starting point of the method was the observation that the determining equation for symmetries of the elliptic CMA can be presented in the form of a total divergence. This allowed us to introduce locally a potential variable, and another key observation was that the potential again satisfied the same determining equation, i.e. also was a symmetry. We called such a pair of original symmetry and its potential partner symmetries. The equations relating partner symmetries are therefore recursion relations mapping any symmetry again into a symmetry of CMA but the corresponding recursion operator is non-local. Thus if we apply it to a local symmetry then a non-local symmetry will be generated. To avoid the explicit use of non-local symmetries, we consider both partner symmetries as local symmetries and the relation between them as invariance condition with respect to a certain resulting non-local symmetry which we never explicitly put into play. Hence the resulting solutions, though invariant with respect to some non-local symmetry, will be non-invariant solutions in the usual sense and hence generate metrics without Killing vectors. This is closely related to the approach of Dunajski and Mason [5] though their 'hidden' symmetries belong to a more special class of non-local symmetries than those constructed from the partner symmetries.
For any particular choice of partner symmetries the relations between them become differential constraints compatible with the original CMA equation. We discovered certain useful choices of partner symmetries when CMA together with the differential constraints could be linearized by a Legendre transformation. Solving linear equations and using their solutions in the Legendre transform of the metric we obtained explicitly some classes of Riemannian metrics with Euclidean signature and anti-self-dual curvature that did not admit any Killing vectors. It is worth noting that linearization of particular solution manifolds of PDEs by the Legendre transformation was suggested in [6] .
In the present paper we extend our method of partner symmetries to two more 4-dimensional heavenly equations: hyperbolic complex Monge-Ampère equation (HCMA), which is the other interesting real cross section of the first heavenly equation, and the second heavenly equation of Plebañski. Our method of partner symmetries works because determining equations for symmetries of all these heavenly equations have the structure of total divergence, and the potential for a symmetry is itself a symmetry. Therefore we again have pairs of partner symmetries for all these heavenly equations. We find such choices of partner symmetries when the original heavenly equation together with differential constraints arising from relations between partner symmetries can be linearized by the Legendre transformation. We present solutions of linear equations and the corresponding metrics without Killing vectors.
We study the hyperbolic complex Monge-Ampère equation in the first part of the paper and the second heavenly equation in the second part.
In section 2, for the sake of completeness, we show that if the Kähler potential satisfies HCMA the corresponding Kähler metric has ultra-hyperbolic signature. In section 3 we derive the relations defining partner symmetries from divergence structure of the determining equation for symmetries of HCMA and make our choices of partner symmetries. In section 4 we consider partial Legendre transformation of HCMA and the relations between partner symmetries in the case when both partner symmetries coincide. We also obtain the Legendre transform of the Kähler metric. Making further choices of partner symmetries as translational or dilatational symmetry we arrive at systems of linear PDEs for which we obtain explicitly non-invariant solutions. Using them in the Legendre transformed metric we obtain explicit 4-dimensional metrics without Killing vectors which is justified in section 7.
In section 5 we consider the second heavenly equation with the corresponding heavenly metrics. In subsection 5.1 we show the existence of partner symmetries and derive the relations defining them from divergence structure of the determining equation for symmetries. In subsection 5.2 we present explicitly basis generators of the total Lie algebra of point symmetries of the second heavenly equation and the table of its commutation relations. The Legendre transform of the second heavenly metric is given in subsection 5.3. In section 6 we consider two simple choices of partner symmetries. In subsection 6.1 we discuss the subcase when both of them coincide with the same translational symmetry. The Legendre transformation of the heavenly equation and differential constraints arising from this choice convert them to a system of linear equations which is easily solved. In subsection 6.2 we choose one of the partner symmetries to be translational symmetry and the characteristic of the other one is set equal to zero. The same Legendre transformation gives us again a linear system which is easily solved. In the generic case all these solutions are non-invariant and the corresponding metrics have no Killing vectors.
In section 7 we analyze the Killing equations for both the Kähler and the second heavenly metrics. We find a first integral of the Killing equations which is a first-order PDE for the metric potential that contains all the information in Killing's equations. We show that for our solutions this existence condition for the Killing vector cannot be satisfied as it implies functional dependence between independent variables.
Hyperbolic complex Monge-Ampère equation and ultra-hyperbolic metrics
In the famous paper of Plebañski [1] the Einstein vacuum equations in the complex four-dimensional Riemannian space together with the constraint of (anti-)self-duality are reduced to the general complex Monge-Ampère equation (CMA)
governing the metric
where the 'key function' Ω is a complex-valued function of the complex variables p, q, r, s and we skip the overall constant factor 2.
To restrict this general result to physically interesting cases, we require that Ω = u where u is a real-valued function and the independent variables form two pairs of complex conjugate variables: p = z 1 , q = z 2 , r = εz 1 , s =z 2 with ε = ±1. Then the field equation (2.1) takes the form
and the metric (2.2) becomes
where the subscripts i,j denote partial derivatives with respect to z i ,z j respectively.
To determine the signature of the resulting metric (2.4) and its dependence on ε, we use the tetrad of the Newman-Penrose co-frame {l,l, m,m} [7, 8] corresponding to the metric (2.4)
withl andm being complex conjugate to l and m. Then using the field equation (2.3) in the form u 12 u1 2 u 11 = u 22 − ε u 11 we check that the metric
coincides with (2.4). The form (2.6) implies that the metric (2.4) is Euclidean with the signature (+ + ++) for ε = 1 and it is ultra-hyperbolic with the signature (+ + −−) for ε = −1. The difference comes solely from the dependence of the field equation (2.3) on ε whereas the metric has the same form (2.4) in both cases.
In the first part of this paper we shall be interested in the ultra-hyperbolic metric (2.4) governed by the hyperbolic complex Monge-Ampère equation (HCMA)
i.e. (2.3) with ε = −1.
The relation between ultra-hyperbolic metrics and HCMA was demonstrated by a different method in [9] . 
where ϕ denotes symmetry characteristic [11] and D i , Dī are operators of total derivatives with respect to z i ,z i respectively. Our starting point is the divergence form of this equation
where
Hence there locally exists the potential ψ such that
Using this definition of ψ and HCMA, a straightforward check shows that 2(ψ) = 0 and thus ψ is also a symmetry characteristic of HCMA together with ϕ. Thus equations (3.4) are recursion relations for symmetries of HCMA.
We have called such a pair of mutually related symmetry characteristics partner symmetries [3] . Formulas (3.4) can be presented in the form
where R is recursion operator defined on the subspace of partner symmetries. Solving algebraically the equations complex conjugate to (3.4) with respect to ϕ 1 , ϕ 2 and using (2.7) we obtain
so that ϕ is expressed through ψ exactly in the same way as ψ is expressed through ϕ in (3.4) . This is the basic difference with the elliptic CMA for which we had an extra minus sign:
The HCMA itself emerges now as an algebraic consequence of any three equations of the system (3.4), (3.6) on the account of complex conjugate equations.
We will avoid operating explicitly with non-local symmetries and use instead the equations (3.6) only with the point symmetries ϕ and ψ. Then these equations are equivalent to an invariance condition for solutions of HCMA with respect to a non-local symmetry which is a linear combination of ψ and the non-local symmetry generated from ϕ by the recursion operator. Such solutions will still be non-invariant in the usual sense.
We shall choose ϕ and ψ as characteristics of point symmetries of HCMA. A general form of generators of point symmetries of HCMA is obviously the same as for the elliptic CMA obtained in [10] 
where C 1 and C 2 are real constants and Ω(z i ,z k ) and H(z i ,z k ) are arbitrary solutions of the linear system
The corresponding symmetry characteristic [11] has the form
Symmetries ϕ and ψ can be chosen as special cases of the expression (3.8).
In this paper we shall restrict ourselves only to the case ψ = ϕ with the following two particular choices of partner symmetries: combined translational symmetries in z 1 ,z 1 and u
and dilatational symmetries in the same variables
4 Legendre transform of partner symmetries and ultra-hyperbolic metrics
Let us perform the Legendre transformation of equations (2.7) and (3.4) to new variables
where v = v(p,p, z 2 ,z 2 ). Then equation (2.7) in the new variables becomes
and equations (3.4) together with their complex conjugates take the form
the last equation coinciding with its complex conjugate. Here we keep the same notation ϕ for the Legendre transform of the symmetry characteristic which now depends on p,p instead of z 1 ,z 1 . Ultra-hyperbolic metric (2.4) governed by the field equation (2.7) after Legendre transformation (4.1) becomes
where we have used the Legendre transform (4.2) of HCMA in the last term. The Legendre transforms of translational and dilatational symmetries (3.9) and (3.10) become respectively
and
With the choice (4.5) equations (4.3) become linear
This system has no nontrivial differential compatibility conditions since the
With the choice (4.6) equations (4.3) are still non-linear
again with no nontrivial differential compatibility conditions.
Theorem 1 Solutions of the over-determined system (4.8) are functionally invariant, i.e. if v is a solution to (4.8), then f (v)
is also a solution to (4.8) whenever f is an arbitrary function ∈ C 2 .
The proof follows from a substitution of f (v) instead of v in equations (4.8).
There is a particular class of solutions of the system (4.8) satisfying a linear over-determined system of six equations
where a and b are arbitrary complex constants. Here the first three of these equations generate the last three equations as their differential compatibility conditions. The system (4.9) also has no nontrivial differential compatibility conditions, i.e. equations (v pp )p = (v pp ) p , (v p2 ) 2 = (v 22 ) p and their complex conjugates are identically satisfied. The substitution of the second derivatives from (4.9) to (4.8) identically satisfies the latter equations.
General solution of the system (4.9) is obtained in the form
where the sum over integer j may contain finite or infinite number of terms, C j are arbitrary real constants and α j and β j are determined by the equations
together with the complex conjugate to (4.12). The first equation (4.11) is easily solved in polar coordinates a = re iθ ,ā = re
in the form χ = 2r cos (θ + µ) (4.13)
where µ remains as a free parameter. Substituting for v in (4.4) any solution of the form (4.10) satisfying (4.13) and (4.12) we obtain explicitly an ultra-hyperbolic 'heavenly' [1] metric. Since generic solution of the form (4.10) obviously depends on four independent variables and hence is non-invariant, the resulting metric has no Killing vectors. The justification for this statement is given in section 7 where we examine the Killing equations for (4.4).
Though we have not found the general solution of the non-linear system (4.8), we essentially enlarge the class of its solutions using the property of functional invariance from theorem 1. Due to this property any smooth function of the solution (4.10) is again a solution of (4.8) though not of the system (4.9) since the latter system does not possess the above mentioned property. These more general solutions also can be used in the formula (4.4) giving explicitly more classes of 4-dimensional ultra-hyperbolic heavenly metrics admitting no Killing vectors.
To simplify the solution of the linear system (4.7), we will restrict ourselves to the linear function h(z 2 ): h = νz 2 ,h =νz 2 where ν is an arbitrary constant, so that we obtain the linear system with constant coefficients
We note that the particular solution (4.10) of the system (4.8) satisfying (4.9) turns out to be also a particular solution of the system (4.14) with the additional constraint on the parameters in (4.9)
where the second equation is just the relation between parameters of the two systems. The constraints (4.13) and (4.12) on the parameters in the solution (4.10) then take the form (θ = π/2)
It is easy to find general solution of the linear system (4.14) with constant coefficients in the form similar to (4.10)
where the sum over integer j may again contain finite or infinite number of terms, C j are arbitrary real constants and β j are expressed through α j by the relation
and its complex conjugate. The substitution of any solution of the form (4.16) with (4.17) for v in the formula (4.4) gives us explicitly another class of ultra-hyperbolic heavenly metrics. The solution (4.16) depends on four variables in the generic case, when the number of terms in the sum (4.16) is not less than four, and hence the corresponding metric has no Killing vectors. We shall prove this in section 7 by an examination of the Killing equations.
Symmetries and recursions of the second heavenly equation of Plebañski
Let θ = θ(w, z, x, y) be holomorphic complex-valued function of four complex variables in some local coordinate system on a complex 4-dimensional manifold M. The heavenly metric of Plebañski [1] locally defined on M is defined by (we skip here an overall factor 2)
where subscripts denote partial derivatives with respect to corresponding variables. This metric is governed by the second heavenly equation [1] 
for the potential θ in the metric (5.1).
Recursion relations from the divergence form of the determining equation for symmetries
The determining equation for symmetries of the heavenly equation (5.2) has the form ϕ xw + ϕ yz + θ yy ϕ xx + θ xx ϕ yy − 2θ xy ϕ xy = 0 (5.3)
which is a linearization of (5.2). It can also be written as 2 θ ϕ = 0 with the operator 2 θ defined by
where D x , D w , D y , D z denote total derivatives with respect to corresponding variables. We note that the determining equation (5.3) can be presented in the form of total divergence, i.e. differential conservation law
so that there locally exists a potential ψ such that
and differential compatibility conditions (ψ y ) x = (ψ x ) y for the system (5.6) coincide with the determining equation for symmetries (5.3).
We introduce linear differential operators
so that the operator (5.4) takes the form
and the relations (5.6) become
The commutator of the two operators has the form 
where C(w, z) an arbitrary function of w and z which after redefining θ to θ + xC(w, z) coincides with the original equation (5.2). Note that this redefinition does not change the equations (5.3) -(5.9). Let ϕ be a symmetry of (5.2) so that it satisfies the determining equation (5.3) 2 θ ϕ = 0 and ψ be a corresponding potential for ϕ related to it by formulas (5.9). Then a simple calculation shows that ψ is also a symmetry, i.e. it satisfies the same equation (5.3)
where we have substituted ψ x and ψ y from (5.9) and used the commutativity of L x and L y on the solution manifold of (5.2). Therefore, the potential ψ for any symmetry ϕ is also a symmetry and hence the equations (5.9) are recursion relations for partner symmetries of (5.2).
The Lax pair of Mason and Newman for the equation (5.2) [12, 13] can be expressed through L x and L y as Recursion relations (5.9) for symmetries can be expressed in terms of non-local recursion operator R defined by
Point symmetries of the second heavenly equation
Here again we will avoid operating explicitly with non-local symmetries and use instead the equations (5.6) only with the point partner symmetries ϕ and ψ. Then these equations are equivalent to an invariance condition for solutions of the second heavenly equation with respect to non-local symmetry which is a linear combination of ψ and the non-local symmetry generated from ϕ by the recursion operator. Such solutions will still be non-invariant in the usual sense. Though here we use only an obvious translational symmetry for this purpose, it is convenient for future analysis in the same framework to present explicitly basis generators of the complete symmetry algebra of point symmetries for the second heavenly equation (5.2). Symmetry generators of its one-parameter subgroups have the form X 1 = ∂/∂x, X 2 = 2z∂/∂x − xy∂/∂θ, X 3 = y∂/∂y + w∂/∂w + θ∂/∂θ X 4 = x∂/∂x + y∂/∂y + 3θ∂/∂θ, Y a = (ya w − xa z )∂/∂θ,
where a(z, w), b(z, w), c(z, w) and d(z, w) are arbitrary functions of z, w. Since some of the generators contain arbitrary functions, the total symmetry group is an infinite Lie (pseudo)group. Of course, some of these symmetries are quite obvious, such as translations in all independent variables and combined dilatations y ′ = λy, w ′ = λw, θ ′ = λθ and x ′ = λx, y ′ = λy, θ ′ = λ 3 θ generated by X 3 and X 4 respectively. From symmetry considerations one may wonder where is the generator of the uniform dilatations in x, z, θ:X 3 = x∂/∂x + z∂/∂z + θ∂/∂θ ? The answer is that for a particular choice c = zw the generator G zw reduces to another generator of dilatations G zw = x∂/∂x − y∂/∂y + z∂/∂z − w∂/∂w so thatX 3 = G zw + X 3 . Seemingly missing generators of translations in y, z, w can also be found in (5.12) for certain special choices of b and c as
We also have the generator of simultaneous rotations in (x, y) and (w, z) complex planes G c = x∂/∂y − y∂/∂x + w∂/∂z − z∂/∂w which is obtained from G c by the choice of c = (z 2 + w 2 )/2. In the next section we shall use only one of the simplest translational symmetries from (5.12), namely G z = −∂/∂w with the characteristic θ w , and still obtain very non-trivial results.
For completeness we present a table of commutators of the generators (5.12) where the commutator [X i , X j ] stands at the intersection of ith row and jth column. It is convenient to introduce for this table the following shorthand notation for a skew-symmetric differentiation of a pair of functions a(z, w) and b(z, w): a∧b = a z b w −b z a w and s = xw + yz, so that xa z −ya w = a ∧ s and
We also denoteĉ z = zc z − c and c w = wc w − c. In table 1 a, b, c, d , e, f, g, h are arbitrary functions of z, w. All contact symmetries of the second heavenly equation (5.2) coincide with its prolonged point symmetries.
Symmetries of the second heavenly equation were also studied in [9, 14] .
Legendre transformation and heavenly metric
Our final goal is to end up with linear equations. This will be achieved in the next section by applying the partial Legendre transformation
to second heavenly equation (5.2) together with equations (5.6) for some choices of local symmetries ϕ and ψ . The existence condition for Legendre transformation (5.13) has the form
The Legendre transform of (5.2) is
The Legendre transformation (5.13) of the metric (5.1) results in
with the potential u satisfying the equation (5.15).
6 Example: use of translational symmetries
Case of equal symmetries
At first we consider the case when the two partner symmetries are equal to each other ϕ = ψ and we choose ϕ to be equal to the characteristic of the translational symmetry ϕ = θ w . Then the equations (5.6) take the form − θ yw + θ ww + θ yy θ wx − θ xy θ wy = 0 (6.1) θ xw + θ wz + θ xx θ wy − θ xy θ wx = 0 (6.2) so that together with (5.2) we obtain a system of three equations. and with the aid of the equation (6.3) the equations (6.2), (5.2) become respectively
Solving the system (6.4), (6.5) algebraically we obtain two linear equations u xx + u rz = 0, (6.6)
since the determinant of this system is non-zero due to the condition ∆ = 0 with ∆ defined in (5.14). The system of the three linear equations (6.3), (6.6) and (6.7) corresponds to the original second heavenly equation (5.2) plus two differential constraints (6.1) and (6.2).
Solution of this linear system has the form
where C j are arbitrary constants and the parameters satisfy the relations
Substitution of this solution to the Legendre transform (5.16) of the heavenly metric (5.1) gives an explicit form of such a metric. The solution (6.8) depends on four variables in the generic case, when the number of terms in the sum (6.8) is greater than three, and hence the corresponding metric has no Killing vectors.
Solutions invariant with respect to higher symmetry
Here we consider the case when ϕ is the translational symmetry ϕ = θ w and its partner symmetry characteristic ψ is equal to zero ψ = 0. This means the invariance of the solution for θ with respect to the nonlocal higher symmetry ψ generated from ϕ = θ w by the recursion relations (5.6) L y ϕ = θ ww + θ yy θ wx − θ xy θ wy = 0 (6.10)
− L x ϕ = θ wz − θ xy θ wx + θ xx θ wy = 0 (6.11) so that we have again the system of three equations (6.10), (6.11) and (5.2). Next we perform the partial Legendre transformation (5.13) of this system. The Legendre transform of (6.10) is
With the use of (6.12) the Legendre transforms of (6.11) and (5.2) become respectively u rr (u rx + u tz ) − u tr (u rz + u xx ) = 0 (6.13)
Due to the condition ∆ = 0 in (5.14) equations (6.13) and (6.14) become
so that we end up with the system of linear equations (6.12), (6.15) and (6.16). Solution of this linear system has again the form (6.8) but with the modified relations between parameters
The corresponding explicit form of heavenly metric is obtained by a substitution of the solution (6.8) for u into the formula (5.16). This metric generically has no Killing vectors for the same reason as mentioned above.
Relationship between Killing vectors and symmetries of the potential
Here we shall give proof of the non-existence of any Killing vectors for our metrics.
Our emphasis will be on the existence problem. Thus we shall make use of the fact that a vector is an invariant object and the existence of a vector field in one frame implies its existence in any other frame. We have started out with the simple looking Kähler metric with the complicated CMA equation as the condition for Ricci-flatness and after a Legendre transformation arrived at a complicated form of the metric with linear field equations which are easily solved. With the Killing vector there is a similar situation. Killing's equations are simple in the Kähler form of the metric and we obtain a linear first-order PDE, see (7.5) below, which encodes all the information in the Killing equations. On solutions of the field equations the Legendre transformation induces point transformations between the coordinates entering into the metric. This is a linear homogeneous transformation between the components of the Killing vector and its non-existence in one frame will imply its non-existence in any other frame.
Analysis of the Killing equations for the Kähler metric
Thus we consider first the Kähler metric (2.4) and let
be the Killing vector for (2.4) where z = (z 1 , z 2 ) andz = (z 1 ,z 2 ) and summation over dummy indices ranges over two values for both barred and unbarred indices. The reality condition for v implies ξk =ξ k .
The Killing equations for the metric (2.4) fall into two sets
where subscripts denote partial derivatives. The determinant of the linear equations (7.2) is non-zero due to the CMA equation (2.3)
and hence these equations have only vanishing solutions ξk j = 0, ξ
The remaining Killing equations become
with the solution
where h is an arbitrary biholomorphic function.
Hence the Killing equations are equivalent to the linear equation (7.5) for ξ k (z), ξk(z) which should be satisfied for a given solution u(z,z) of CMA if a Killing vector for the corresponding metric (2.4) exists. We note that if ξ k , ξk are chosen as coefficients of a generator of point symmetries (3.7) with C 1 = 0, then (7.5) coincides with the invariance condition η = 0 for solutions of CMA, where η is the symmetry characteristic (3.8). More generally (7.5) determines conditionally invariant solutions of CMA [15] , if conditional symmetries exist. Thus, any such symmetry in a solution of CMA implies the existence of a Killing vector for the Kähler metric (2.4).
The Legendre transformation (4.1) induces an invertible point coordinate transformation
2 ) (7.6) on solutions u(z,z) and v(p,p, z 2 ,z 2 ) of HCMA (2.7) and its Legendre transform (4.2) respectively and z 2 ,z 2 are not transformed. Under this transformation the condition (7.5), equivalent to the Killing equations, results in
We should account also for a transformation of components of the Killing vectors induced by the transformation (7.6). Let
be the Killing vector (7.1) in the frame transformed by (7.6). The transformation law for the components of the Killing vector is given by
where the arguments of η p , η 2 , ηp, η2 and second derivatives of v on the right hand sides of (7.9) consist of p,p, z 2 ,z 2 . Hence the existence of v defined by (7.1) is equivalent to that of v defined by (7.8) . Given some solution v of (4.2), a Killing vector for the transformed metric (4.4) exists only if one can satisfy (7.7).
We need to check if this equation can be satisfied by our solutions (4.10) and (4.16). Both of them have the form
where C j are arbitrary real constants,
and the parameters α j , β j satisfy the conditions (4.11), (4.12) for (4.10) and (4.17) for (4.16).
Let n ≥ 4 in (7.10) and Φ 1 , Φ 2 , Φ 3 , Φ 4 be linearly independent, i.e. the transformation (7.11) from p,p, z 2 ,z 2 to Φ 1 , Φ 2 , Φ 3 , Φ 4 is invertible, provided that α 1 α 2 α 3 α 4 = 0 and the determinant of the matrix of coefficients of (7.11 = 0, (7.12) where µ j are the phases of α j . The same condition holds for both solutions (4.10) and (4.16). Then p,p, z 2 ,z 2 can be expressed through Φ 1 , Φ 2 , Φ 3 , Φ 4 and the same for Φ 5 , . . . , Φ n , so that Φ j for j = 1, 2, 3, 4 can be chosen as new independent variables in (7.7) and the equation (7.7) takes the form
Obviously the equation (7.7) cannot be satisfied identically for any solution v of (4.2) just by a suitable choice of of functions ξ i , ξ¯i, h,h because of p,p, v 2 , v2 entering explicitly its coefficients. A similar remark applies also to the original equation (7.5) where generically the coefficients u i , uī depend on z andz together while the unknowns ξ i , ξ¯i and h,h depend only on z orz separately. Hence (7.5) and (7.7) should be considered as the equations determining particular solutions of CMA or (4.2) respectively for any choice of ξ i , ξ¯i, h,h and this choice is constrained by compatibility conditions of (7.5) with CMA and (7.7) with (4.2).
In our case solutions of (4.2) are already determined in (7.10) up to arbitrary constants by solving second-order linear equations together with the Legendre-transformed HCMA and hence, having no functional arbitrariness, they cannot satisfy in addition the first-order equation (7.7) . Thus for any choice of ξ i , ξ¯i, h,h (7.7) is not an identity but an equation of the form (7.13). This implies a dependence of the independent variables which is a contradiction that proves nonexistence of the Killing vectors for the metric (4.4) where the potential v is determined by (4.10) and (4.16) with n ≥ 4 and the condition (7.12) is satisfied.
If n ≤ 3 then this reasoning obviously does not work and Killing vectors may exist.
Thus we have proved the following theorem.
of seven, two and one equations respectively. The first subsystem (7.15) is easily integrated to give
where a is an arbitrary constant and b, c, d, e are arbitrary functions of z, w only. The two equations (7.16) are integrated with respect to x and y respectively and the results are substituted into (7.17) which determines y-and x-dependences of the integration "constants". Then we solve two remaining equations (7.16) algebraically with respect to (ξ x θ x + ξ y θ y + ξ z θ z + ξ w θ w ) x and (ξ x θ x + ξ y θ y + ξ z θ z + ξ w θ w ) y and then equate their cross-derivatives in y and x which gives additional constraints on the right-hand sides of these equations. In particular, we obtain that
where k is an arbitrary constant and q is an arbitrary function of z, w.
For the purpose of further integration we present the second heavenly equation (5.2) in a divergence form (θ y θ xx − θ x θ yx + 2θ z ) y = (θ y θ xy − θ x θ yy − 2θ w ) x (7.20)
so that we can locally define the potential V V x = θ y θ xx − θ x θ yx + 2θ z , V y = θ y θ xy − θ x θ yy − 2θ w (7.21) up to an arbitrary term depending only on z, w. Then we can further integrate the two equations (7.16), whose left-hand sides after the first integration were (ξ x θ x +ξ y θ y +ξ z θ z +ξ w θ w ) x and (ξ x θ x +ξ y θ y +ξ z θ z +ξ w θ w ) y , with respect to x and y which results in
where we have used the expressions (7.18) for ξ x , ξ y , ξ z , ξ w in the left-hand side of this equation and ρ, σ, κ are new arbitrary functions of z, w. Hence the with the only differential compatibility condition coinciding with (5.15).
We need to check if the equation (7.26) can be satisfied for our solutions (6.8). They have again the form (7.10) where Φ j = α j t + β j r + γ j x + δ j z (7.28) C j are arbitrary complex constants and the parameters satisfy (6.9) or (6.17). Let n ≥ 4 in (7.10) and Φ 1 , Φ 2 , Φ 3 , Φ 4 be linearly independent, i.e. the transformation (7.28) from t, r, x, z to Φ 1 , Φ 2 , Φ 3 , Φ 4 is invertible, provided that β 1 β 2 β 3 β 4 = 0 and the determinant of the matrix of coefficients of (7.28) is non-zero. For the solution (6.8) with the parameters satisfying (6.9) this condition is
For the solution (6.8) with the parameters satisfying (6.17) the corresponding invertibility condition has the form Then t, r, x, z can be expressed through Φ 1 , Φ 2 , Φ 3 , Φ 4 and the same for Φ 5 , . . . , Φ n , so that Φ j for j = 1, 2, 3, 4 can be chosen as new independent variables in (7.26) and the equation (7.26) takes the form (7.13). In our case solutions of (5.15) are already determined in (6.8) up to arbitrary constants by solving second-order linear equations together with the Legendre-transformed second heavenly equation and hence, having no functional arbitrariness, they cannot satisfy in addition the first-order equation (7.26). Thus for any choice of functions q, c, e, ρ, σ, κ, depending on z, w = −u t , arbitrary constants a, k and the potential P (x, r, z, t) satisfying (7.27) the equation (7.26) is not an identity but an equation of the form (7.13) . This implies a dependence of the independent variables which is a contradiction that proves nonexistence of the Killing vectors for the metric (5.16) where the potential u is determined by (6.8) with n ≥ 4 and the conditions (7.29) or (7.30) are satisfied.
If n ≤ 3 the above reasoning obviously does not work and Killing vectors may exist.
Theorem 3 Metric (5.16) with u defined by (6.8) with the conditions (6.9) or (6.17) , n ≥ 4, β 1 β 2 β 3 β 4 = 0 and satisfying the non-degeneracy conditions (7.29) or (7.30 ) respectively admits no Killing vectors.
Conclusions and discussion
We have shown that our method of partner symmetries, worked out initially for the elliptic complex Monge-Ampère equation, can be extended to the hyperbolic complex Monge-Ampère equation and the second heavenly equation of Plebañski. This method enables us to construct second order differential constraints which select certain particular sets of solutions invariant with respect to non-local symmetries and hence non-invariant in the usual sense. The advantage of the method is that we deal only with local point symmetries, which build up non-local symmetries, and do not need to work with non-local symmetries explicitly. We found some simple choices of these local partner symmetries for which the Legendre transformation converts the original heavenly equation together with differential constraints to linear equations. We have found their generically non-invariant solutions, dependent on all four variables, and hence new classes of 4-dimensional heavenly metrics without Killing vectors. The idea of obtaining non-invariant solutions as invariant solutions with respect to non-local symmetry for the hierarchy associated to the second heavenly equation was also suggested by Dunajski and Mason. However, their 'hidden symmetries' constitute a very special class of symmetries which can be generated from local symmetries by repeated applications of the recursion operator and hence have a characteristic property that they can be mapped back to a certain local symmetry by some power of the inverse recursion operator. As a consequence they have at least six differential second-order constraints implied by the hidden symmetries. A class of non-local symmetries constructed from partner symmetries is much more extensive because it consists of symmetries which are linear combinations of local symmetries and those generated from local symmetries by the recursion operators, so that they cannot be mapped to a local symmetry by the action of recursion operators. This additional freedom in symmetries results in wider classes of solutions of the heavenly equations since the number of additional differential constraints implied by partner symmetries is typically three, which is less than six in the case of hidden symmetries.
The crucial point of our method is the possibility of linearizing the field equation together with constraints by the Legendre transformation. We have found that this is possible for some simple choices of partner symmetries. An important problem, with which we are occupied, is to work out a criterion which would choose such symmetries for which the linearization is possible.
Another project, that we are working on, is to construct general classes of equations for which our method of partner symmetries could be applied.
Characteristic features of such equations should include the divergence structure of the determining equation for symmetries and the condition that a potential for any symmetry should again be a symmetry. We plan to return to this problem soon in a future publication.
